Abstract: This paper investigates the squeezing flow of an electrically conducting magnetohydrodynamic Casson nanofluid between two parallel plates embedded in a porous medium using differential transformation and variation of parameter methods. The accuracies of the approximate analytical methods for the small and large values of squeezing and separation numbers are investigated and established. Good agreements are established between the results of the approximate analytical methods are compared with the results numerical method using fourth-fifth order Runge-KuttaFehlberg method. However, the results of variation of parameter methods show better agreement with the results of numerical method than the results of differential transformation method. Thereafter, the developed approximate analytical solutions are used to investigate the effects of pertinent flow parameters on the squeezing phenomena of the nanofluids between the two moving parallel plates. The results established that the squeezing number and magnetic field parameters decrease as the flow velocity increases when the plates were coming together. Also, the velocity of the nanofluids further decreases as the magnetic field parameter increases when the plates move apart. However, the velocity is found to be directly proportional to the nanoparticle concentration during the squeezing flow i.e. when the plates are coming together and an inverse variation between the velocity and nanoparticle concentration is recorded when the plates are moving apart. As increased physical insights into the flow phenomena are provided, it is hope that this study will enhance the understanding the phenomena of squeezing flow in various applications such as power transmission, polymer processing and hydraulic lifts.
Introduction
T he various applications of fluid flow between two parallel surfaces require to more intensive research. These applications are evident in foodstuff processing, reactor fluidization, moving pistons, chocolate fillers, hydraulic lifts, electric motors, flow inside syringes and nasogastric tubes, compression, and injection, power transmission squeezed film, polymers processing etc. In such fluid flow applications and processes, analysis of momentum equation is very essential. The basic and pioneer study on squeezing flows under lubrication assumption was given by Stefan [1] . Thereafter, there have been increasing research interests and many scientific studies on these types of flow. In a past work over few decades, Reynolds [2] analyzed the squeezing flow between elliptic plates while Archibald [3] investigated the same problem for rectangular plates. The earlier studies on squeezing flows were based on Reynolds equation which its insufficiency for some cases has been shown by Jackson [4] and Usha and Sridharan [5] . Moreover, the nonlinear behaviours of the flow phenomena have attracted several attempts and renewed research interests aiming at properly analyzing and understanding the squeezing flows [ .
Casson fluid is a non-Newtonian fluid first invented by Casson in 1959 [37, 38] . It is a shear thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield stress below which no flow occurs, and a zero viscosity at an infinite rate of shear [39] . It is based on the structure of liquid phase and interactive behaviour of solid of a two-phase suspension. It is able to capture complex rheological properties of a fluid, unlike other simplified models like the power law [40] and second, third or fourth-grade models [41] . The non-linear Casson's constitutive equation has been found to describe accurately the flow curves of suspensions of pigments in lithographic varnishes used for preparation of printing inks. In particular, the Casson fluid model describes the flow characteristics of blood more accurately at low shear rates and when it flows through small blood vessels [42] . So, human blood can also be treated as a Casson fluid in the presence of several substances such as fibrinogen, globulin in aqueous base plasma, protein, and human red blood cells. Some famous examples of the Casson fluid include jelly, tomato sauce, honey, soup, concentrated fruit juices etc. Concentrated fluids like sauces, honey, juices, blood, and printing inks can be well described using the Casson model. Many researchers [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] studied the Casson fluid under different boundary conditions. Some find the solutions by using either approximate methods or numerical schemes and some find its exact analytical solutions. The solutions when the Casson fluids are in free convection flow with constant wall temperature are also determined. On the other hand, the flow of the Casson fluid in the presence of heat transfer is also an important research area. Therefore, Khalid et al. [53] focused on the unsteady flow of a Casson fluid past an oscillating vertical plate with constant wall temperature under the non-slip conditions. Application of Casson fluid for flow between two rotating cylinders is performed in [54] . The effect of magnetohydrodynamic (MHD) Casson fluid flow in a lateral direction past linear stretching sheet was explained by Nadeem et al. [55] .
To the best of the authors' knowledge, a comparative study on squeezing flow of an electrically conducting Casson nanofluid between two parallel plates embedded in porous medium under the influence of magnetic field using differential transformation and variation of parameter methods has not been carried out in literature. Therefore, in this paper, a comparative study and analytical investigations are presented using differential transformation and variation of parameter methods to analyze the magnetohydrodynamic squeezing flow of Casson nanofluid between two parallel plates embedded in a porous medium. The developed analytical solutions are used to study the effects of various parameters on the squeezing flow between two parallel plates.
Problem Formulation
As depicted in Figure 1 , the flow of a Casson nanofluid between two parallel plates placed at time-variant distance and under the influence of magnetic field is considered in this study. Assuming that the flow of the nanofluid is laminar, stable, incompressible, isothermal, non-reacting chemically, the nano-particles and base fluid are in thermal equilibrium and the physical properties are constant. The fluid conducts electrical energy as it flows unsteadily under magnetic force field. The fluid structure is everywhere in thermodynamic equilibrium and the plate is maintained at constant temperature. Based on the rheological equation for an [37, 38] , we have
∂u ∂x
where
and the magnetic field parameter is given as
Under the assumption of no-slip condition, the appropriate boundary conditions are given as
On introducing the following dimensionless and similarity variables
One arrives at
Alternatively, Equation (11) can be written as it can be
with the boundary conditions
The physical properties of the copper nanoparticles, pure water and kerosene as the base fluids are shown in Table 1 . 
Analysis of the differential equation using differential transform method
Following the introduction of differential transformation method (DTM) by Zhou [56] , the applications of DTM to both linear and non-linear differential and system of differential equation have fast gained ground or appeared in many engineering and scientific research. The potentiality of the method is displayed in the provisions of symbolic or analytical solutions to both linear and non-linear integral and differential equations without linearization, discretization or perturbation. DTM is capable of greatly reducing the size of computational work while still accurately providing the series solution with fast convergence rate. The basic definitions and the operational properties of the method are as follows:
If u(t) is analytic in the domain T, then the function u(t) will be differentiated continuously with respect to time t.
for t = t i , then ϕ(t, p) = ϕ(t i , p) , where p belongs to the set of non-negative integers, denoted as the p-domain. We can therefore write Equation (14) as
where U p is called the spectrum of u(t) at t = t i . Expressing u(t) in Taylor's series as
where Equation (16) is the inverse of U(k). The symbol 'D denoting the differential transformation process and combining (15) and (16), we have 
Using the the DTM operational properties in Table 2 , the differential transform of Equation (10) is
The boundary conditions are
Therefore, we have the following boundary conditions in DTM domain
where k 1 and k 2 are the constants which will be determined through the boundary conditions
Using p = 0, 1, 2, 3 . . . in the above recursive relations, one arrives at
Using the definition in Equation (16), the solution of Equation (10) using DTM is given as
In order to find constants k 1 and k 2 , recall from Equation (18) 
Using the boundary conditions, we have
On solving the above Equation (23) and Equation (24), different values for k 1 and k 2 for respective different values of Re and α were obtained. For the purpose of comparison, the second-order derivatives of f (1) at the wall (which represent the skin friction) is developed as
The Procedure of Variation Parameter Method
The basic concept of VPM for solving differential equations is as follows: The general nonlinear equation is in the operator form
The linear terms are decomposed into L + R, with L taken as the highest order derivative which is easily invertible and R as the remainder of the linear operator of order less than L. where g is the system input or the source term and u is the system output, Nu represents the nonlinear terms.
The VPM provides the general iterative scheme for Equation (26) as:
where the initial approximation f 0 (η)is given by
m is the order of the given differential equation, k i is are the unknown constants that can be determined by initial/boundary conditions and λ(η, ξ) is the multiplier that reduces the order of the integration and can be determined with the help of Wronskian technique.
From the above, one can easily obtain the expressions of the multiplier for L f η = f n (η)
Consequently, an exact solution can be obtained when n approaches infinity. Using the standard procedure of VPM as stated above, one can write the solution of Equation (12) as
Here, k 1 , k 2 , k 3 , and k 4 are constants obtained by taking the highest order linear term of Equation (12) and integrating it four times to get the final form of the scheme. The above equation can also be written as
From the boundary conditions in Equation (13) f (0) = 0, f (0) = 0.
Using the above statement and inserting the boundary conditions of Equation (13) into Equation (31), we have
From the iterative scheme, it can easily be shown that the series solution is given as
Similarly, the other iterations
where the constants k 1 and k 2 are determined using the boundary conditions in Equation (13), i.e.,
Another physical quantity of interest in this analysis is the skin friction coefficient, which can be expressed as
Using the dimensionless variables in Equation (10), the dimensionless form of Equation (40) is given as Tables 3,4 and the Magnetic field increases when the plates separate apart while skin friction coefficient decreases as the squeezing number and the magnetic field increase when the plates come together. The flow velocity of the nanofluid decreases as the magnetic parameter increases. The flow response to the presence of magnetic field is due to the Lorentz force created by the magnetic field which slows fluid motion at boundary layer during the squeezing flow i.e. when the plates are coming together. It should be noted that during the squeezing flow, especially when the plates are very close to each other, then the situation together with retarding Lorentz force creates adverse pressure gradient. Whenever such forces act over a long time then there might be a point of separation and back flow occurs. The flow velocity of the nanofluids further decreases as the magnetic field parameter increases when the plates move apart. The flow behaviour when the plates move apart is because a vacant space occurs and in order not to violate the law of conservation of mass, the fluid in that region moves with high velocity and consequently, an accelerated flow is observed. For the nanoparticle parameter value of 0.15 i.e. OE = 0.15, Figures 2 and 3 depict the pattern of the flow behavior of the fluid. The figures show that the decrease in the axial velocity of the fluid near the wall region causes an increase in velocity gradient at the wall region. Also, because of the conservativeness of the mass flow rate, the decrease in the fluid velocity near the wall region is compensated by the increasing fluid velocity near the central region. Figure 3 which shows the effect of increasing magnetic number or Hartmann parameter (M), it is observed that at increasing values of M the velocity decreases the velocity decreases in the range of 0≤η≤0.5 and then increases in the range 0.5<η≤1. The flow response to the presence of magnetic field is due to the Lorentz force created by the magnetic field which slows fluid motion at boundary layer during the squeezing flow i.e. when the plates are coming together. It should be noted that during the squeezing flow, especially when the plates are very close to each other, then the situation together with retarding Lorentz force creates adverse pressure gradient. Whenever such forces act over a long time then there might be a point of separation and back flow occurs. The flow velocity of the nanofluids further decreases as the magnetic field parameter increases when the plates move apart. The flow behaviour when the plates move apart is because a vacant space occurs and in order not to violate the law of conservation of mass, the fluid in that region moves with high velocity and consequently, an accelerated flow is observed.
Results and Discussion
Effects of Darcy number on the flow pattern of the Casson nanofluid between the two parallel plates is portrayed in Figure 4 . The figure displays an opposite trend to that of the squeezing number effects on the flow. It could be seen from the figure that as the Darcy number increases, the velocity increases in the range of 0≤η≤0.5 and then decreases in the range 0.5<η≤1. Figure 5 displays the effects of squeezing number on the flow behavior of the fluid. It is clear from the figure that as the squeezing number increases, the velocity decreases in the range of 0≤η≤0.5 and then increases in the range 0.5<η≤1. Effect of nanoparticle fraction on the fluid velocity is depicted in Figure  6 . The result shows that as the solid volume fraction of the fluid increases the velocity decreases in the range of 0≤η≤0.5 and then increases in the range 0.5 < η ≤ 1. This is because as the nanoparticle volume increases, more collision occurs between nanoparticle and particles with the boundary surface of the plates and consequently the resulting flow retardation which decreases the fluid velocity near the boundary layer. The flow behaviour of the Casson nanofluid to increasing Casson fluid parameter is shown in Figure 7 . The 
Conclusion
In this work, magnetohydrodynamic squeezing flow of nanofluid between two plates has been analyzed using differential transformation method. The results of the analytical solutions as developed in this study are agreement with the results of the numerical method using fourth-fifth order Runge-Kutta-Fehlberg method. Therefore, the obtained analytical solutions were used to investigate the squeezing phenomena of the nanofluid between the moving plates. Also, the effects of the pertinent flow parameters on the flow process were established. The results in this work can be used to further the study of squeezing flow in applications such as power transmission, polymer processing and hydraulic lifts.
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